In this survey paper we discuss recent advances on short interest rate models which can be formulated in terms of a stochastic differential equation for the instantaneous interest rate (also called short rate) or a system of such equations in case the short rate is assumed to depend also on other stochastic factors. Our focus is on convergence models, which explain the evolution of interest rate in connection with the adoption of Euro currency. Here, the domestic short rate depends on a stochastic European short rate. In short rate models, the bond prices, which determine the term structure of interest rate, are obtained as solutions to partial differential equations. Analytical solutions are available only in special cases; therefore we consider the question of obtaining their approximations. We use both analytical and numerical methods to get an approximate solution to the partial differential equation for bond prices.
Introduction
An interest rate model is a description of interest rates' evolution 1 and their dependence on maturity 2 ; the dependence of the interest rate on maturity is called the term structure of interest rates. Given the state of the market today, the future interest rates cannot be predicted exactly; the models gives their probability distribution. However, since the interest rates are interconnected, often only some underlying processes are modeled, which in turn determine the interest rates. We deal with so-called short rate models, which are based on a theoretical quantity, the short rate. It is a rate of interest for a default-free investment with infinitely small maturity. The other investments, with other maturities, include some risk: the evolution of the interest rates during the "life" of this investment can increase or decrease their value. Therefore it may not surprising that, besides the probabilistic description of the short rate evolution, there is another input -called market price of risk -needed in order to compute the term structure of interest rates; cf. [22, pp. 29-31] for a further intuition following these ideas. Mathematical models can be described by solutions to linear parabolic differential equations, which degenerate to the hyperbolic ones at the boundary. Applying the Fichera theory to interest rates models one can treat the boundary conditions in a proper way. Correct treatment of boundary conditions is important in numerical schemes.
We propose an approximate analytical solution for a class of one-factor models and derive the order of its accuracy. These models can be used to model the European short rate in convergence models. We show an example of a convergence model of this kind and the analytical approximation formula for domestic bond prices, together with the derivation of its accuracy.
In some cases, a one-factor model is not sufficient to fit the European interest rates and we need a two-factor model to model the European short rate. Therefore, we also investigate a three-factor convergence model.
Which model for term structures should one use?
This is the title of the paper [46] , in the beginning of which the author presents several criteria which a suitable model should have:
A practitioner wants a model which is (a) flexible enough to cover most situations arising in practice; (b) simple enough that one can compute answers in reasonable time; (c) well-specified, in that required inputs can be observed or estimated; (d) realistic, in that the model will not do silly things.
Additionally, the practitioner shares the view if an econometrician who wants (e) a good fit of the model to data; and a theoretical economist would also require (f) an equilibrium derivation of the model.
Our work is mainly concerned with the point (b). Approximate analytical formulae enlarge the set of models for which one can compute answers in reasonable time, as required above. Moreover, an easy computation of the observed quantities can significantly simplify a calibration of the model. Note that calibration of the model based on a comparison of market prices and theoretical prices given by the model often requires many evaluations of theoretical prices for different sets of parameters, as well as times to maturity and the short rate levels. Hence it is useful also to establish whether the point (e) above holds or not.
Basic concepts of stochastic calculus
In this section we briefly present the basic definitions and theorems of stochastic calculus which will be needed to formulate models considered here. For more details see, e.g., [45] , [30] .
Definition 1. [45, Definition 2.1.4]
A stochastic process is a parametrized collection of random variables {X t } t∈T defined on a probability space (Ω, F, P) and assuming values in R n .
An important stochastic process, used as a building block for other, more complicated processes, is a Wiener process.
Definition 2.
[51, Definition 2.1] A stochastic process {w(t), t ≥ 0} is called a Wiener process, if it satisfies the following properties:
(i) w(0) = 0 with probability 1;
(ii) every increment w(t + ∆t) − w(t) has the normal distribution N (0, ∆t);
(iii) the increments w(t n ) − w(t n−1 ), w(t n−1 ) − w(t n−2 ), . . . , w(t 2 ) − w(t 1 ) for 0 ≤ t 1 < · · · < t n are independent.
Existence of such a process can be asserted using the Kolmogorov extension theorem, which builds a stochastic process from its finite dimensional distributions, cf. [ Using a Wiener process, we are able to define new processes. It would be useful to be able to use some kind of "noise" in the ordinary differential equations and a Wiener process provides a way of doing so. This leads to so called stochastic integrals and stochastic differential equations. Again, we follow the main ideas of [45] .
The first idea might be to consider an equation of the form dX dt = b(t, X t ) + σ(X t , t) u t ,
where the term u denotes some "noise", which should be stationary, with values at different time being independent and having a zero expected value. However, there is no continuous process satisfying these conditions. Moreover, as a function on [0, ∞) × Ω it cannot be even measurable (considering Borel-measurable sets on [0, ∞)), see [45, pp. 21-22] and references therein. Therefore, another approach is used. We write (1) in a discrete form as
where 0 = t 0 < t 1 < · · · < t m = t is a partition of the interval [0, t]. Recalling the desirable properties of the noise, the term u t k (t k+1 − t k ) should have stationary independent increments, which suggests using a Wiener process w t k . Then we have an equation
b(t, X t j )(t j+1 − t j ) + k−1 j=0 σ(X t k , t) (w t k+1 − w t k )
and if we are able to make a limit of the last sum in some "reasonable way", by denoting it by t 0 σ(s, X s ) dw s we can write
This can indeed be done; in several ways, in fact, which leads to different kinds of stochastic integrals (Itō vs. Stratonovich) . We use Itō integral, see the cited references [45] for details on its construction. Finally, let us note that the equation (2) is often written in a "differential form"
which is called a stochastic differential equation. The computation of the "differential" dY t , where Y t is defined as Y t = f (t, X t ), where f is a smooth function and X satisfies the stochastic differential equation (3) is performed via a stochastic generalization of the chain rule known from calculus. This can be done precisely using the integral representation of the stochastic processes (cf. [30, pp. 150-153] ) and results in the famous Itō lemma. We provide its formulation for the case of a one-dimensional process from [45] .
Theorem 1.
[45, Theorem 4.1.6] Let X t be an Itō process given by
is again an Itō process and
where (dX t ) 2 = (dX t )(dX t ) is computed according to the "rules"
A multidimensional formulation can be found for example in [45, Theorem 4.2.1], [30, Theorem 3.6] or in the original paper by Kiyoshi Itō [29, Theorem 6] .
In order to illustrate Itō's process, we present an example of a stochastic differential equation which will be useful later. It describes the evolution of a so called Ornstein-Uhlenbeck process:
where κ, θ and σ are positive constants. Without the stochastic dw term, it would be an ordinary differential equation with the solution x t = x 0 e −κt + θ(1 − e −κt ), where x 0 is the value of the process at time t = 0. With the stochastic term included, the solution becomes a random variable and can be written in an explicit form
The trend, reversion to the equilibrium level θ, whose speed depends on κ, is preserved (processes with this property are called mean-reversion processes). Furthermore, there are random fluctuations around this trend; their impact depends on the parameter σ. Sample trajectory of an Ornstein-Uhlenbeck process is presented in Figure 1 .
Similarly as in the case of ordinary differential equations, a closed-form solution is not always available, but numerical approximations are still possible. The simplest one is the Euler-Maruyama scheme, which is a generalization of the Euler method known from numerical methods for ordinary differential equations. It consists of replacing the differentials in (3) by finite differences and simulating the increments of a Wiener process:
where ∆w are independent realizations from N (0, ∆t) distribution. There are also other methods, which have a higher precision (for example, Milstein scheme, Runge-Kutta methods, cf. [53] for an introduction or [31] for more details).
Short rate models
Short rate models are formulated in terms of a stochastic differential equation (onefactor models) a system of stochastic differential equations (multi-factor models) determining the short rate, see Figure 2 for an example of market data whichbeing interest rates with short maturities -can be thought of as approximations of the theoretical short rate.
We start with a simple stochastic differential equation which describes some popular features of the market rates. Then, seeing the shortcomings of the models, we move to more complicated ones. Each of them addresses a specific feature and the choice of the model needs to take this into account. For selected stochastic processes we explain the motivation that leads to considering them as a model for the short rate.
We also discuss bond prices. A zero-coupon bond is a financial security that pays a unit amount money to its holder at the specified time of maturity. The Figure 2 . Euro interest rates with short maturities -possible approximations of short rate. Data source: http://www.emmi-benchmarks.eu bond prices P = P (t, T, x) (where t is time, T is time to maturity and x is a vector of factors determining the short rate) are then connected with interest rates R = R(t, T, x) through the formula
Examples of interest rates with different maturities can be seen in Figure 3 . In short rate models, the prices of bonds (as well as other interest rate derivatives) are solutions to a parabolic partial differential equation. Even in a case of a derivative with such a simple payoff, as it is the case of a bond, closed form solution is available only in very special cases. The later topics presented in this paper are then connected by a pursuit of finding approximations of the bond prices (and hence also term structures) in those cases when they are not known in a closed form.
One-factor models
When speaking of one-factor short rate models, the term one-factor refers to the fact that there is one Wiener process used in the definition of the short rate process, i.e., there is one source of randomness.
Hence, there is a scalar stochastic differential equation for the short rate r, which can be written in a general form as
where w is a Wiener process. Recall from the section on stochastic processes that the function µ(r, t) determines the trend of the process, while the function σ(r, t) determines the nature of the random fluctuations. Specifying the functions µ(r, t) and σ(r, t) characterizes the short rate model.
Let P = P (r, t) be the price of a derivative at time t when the current level of the short rate is r, which pays a given payoff at time T . We consider a construction of a portfolio consisting of derivatives with two different maturities, continuously rebalanced so that the risk coming from the Wiener process is eliminated 3 . Then, to eliminate a possibility of an arbitrage, the return of such a portfolio has to be equal to the current short rate, which leads to a partial differential equation for the derivative price P , which reads as
for all admissible values of r and for all t ∈ [0, T ). We refer to [32] , [51] , for more details on the derivation of the partial differential equation. Here and after we denote by ∂ t P, ∂ r P the first partial derivatives of P with respect to t, r and the second derivative ∂ 2 r P of P with respect to r. Note that the equation includes a new function λ(r, t). It appears during the derivation of the equation, when it turns out that a certain quantity, measuring the rise of the expected return for one unit of risk, has to be independent of the maturity T . It is denoted by λ(r, t) and because of its interpretation it is called market price of risk. It is necessary to include it into the specification of a model when we want to price derivatives, in addition to talking about the short rate evolution. Note that the equation holds for any derivative, the specific derivative determines the terminal condition P (r, T ) which equals the security payoff.
If we consider only Markov models, i.e., µ, σ and λ are functions only of the variable r and do not explicitly depend on time t (which will be the case for the models studied in this thesis), it is convenient to introduce a new variable τ = T − t denoting time remaining to maturity. For the bond price we obtain the partial differential equation (PDE)
r P = 0 for all r and τ ∈ (0, T ], (6) P (r, 0) = 1 for all r.
Alternatively, a model can be formulated in the so-called risk-neutral measure Q, which is an equivalent probability measure to P, in which the process is physically observed. In the risk-neutral measure, the prices of the securities can be expressed in a form of expected values. The change of measure is related to the market price of risk from the partial derivative approach above and mathematically it is based on Girsanov theorem (cf. [45, Section 8.6] ). The general model above in the risk neutral model reads as
where w Q is a Wiener process under the risk neutral measure, while the risk-neutral drift and volatility are given bỹ 
Vasicek and Cox-Ingersoll-Ross models
Recall that the Ornstein-Uhlenbeck process is a stochastic process given by
where κ, θ, σ > 0 are given constants and w is a Wiener process. This process can be used as a simple model for the short rate, known as Vasicek model, as it has been suggested in [61] by Oldřich Vašíček. He defined the market price of risk to be equal to a constant λ, which results in the partial differential equation for the bond prices that reads as (recall its general form (6)- (7))
for all r and τ ∈ (0, T ], and P (r, 0) = 1 for all r. This differential equation can be solved explicitly; its solution has the form
and the functions A, B are given by (see [61] )
(12) One of the consequences of the constant volatility is a conditional normal distribution of the future interest rates and thus a possibility of negative interest rates. Historically, this was been one of the motivations for proposing other short rate models. Note, however, that while some of the interest rates observed in these days can be indeed negative, the negative values of the Ornstein-Uhlenbeck stochastic process is not consistent with absence of arbitrage in the context of default intensity models [44] which leads to solving exactly the same parabolic PDEs. A popular alternative is the Cox-Ingersoll-Ross model [14] (usually abbreviated as CIR model) which does not allow negative interest rates, while it preserves analytical tractability of bond prices. The stochastic differential equation for the short rate is given by
with κ, θ, σ > 0 being constants. The difference from the Vasicek model lies in the volatility, which is now equal to σ √ r. Intuitively, if the short rate r is small, then also the volatility is small; if short rate hits zero, the volatility becomes zero as well and the positive drift pushes the short rate to a positive value. It can be shown that the process is indeed nonnegative for all times and, moreover, if the condition 2κθ > σ 2 is satisfied, the process remains strictly positive. If the market price of risk is chosen to be λ √ r, the equation (6) with initial condition (7) becomes
for all r and τ ∈ (0, T ], and P (r, 0) = 1 for all r. Again, it can be solved in a closed form, assuming the solution (11), inserting it into the partial differential equation and obtaining a system of ordinary differential equations for the functions A(τ ), B(τ ). This system can be solved explicitly, see [14] for the exact formulae.
Chan-Karolyi-Longstaff-Sanders short rate model
As we have seen, changing the constant volatility from the Vasicek model to σ √ r in CIR model prevents the short rate from becoming negative. However, the same reasoning applies to any volatility of the form σr γ with γ > 0. Models with general Table 1 . One-factor short rate models considered in [12] as special cases of the stochastic process (15) .
Model:
Equation for the short rate: Merton [38] dr = αdt + σdw Vasicek [61] dr = (α + βr)dt + σdw Cox-Ingersoll-Ross (1985) [14] dr = (α + βr)dt + σr 1/2 dw Dothan [20] , [6] dr = σrdw Geometrical Brownian motion [37] dr = βrdt + σrdw Brennan-Schwartz [7] , [13] dr = (α + βr)dt + σrdw Cox-Ingersoll-Ross (1980) [15] dr = σr 3/2 dw Constant elasticity of variance [37] γ may perform better when applied to real data and the hypothesis of γ = 1/2 is actually often rejected by statistical tests. The pioneering paper [12] by Chan, Karolyi, Longstaff and Sanders started the discussion on the correct form of the volatility. Authors used proxy for the short rate process and considered a general short rate model expressed in terms of a single stochastic differential equation
which has become known as the CKLS model. It includes Vasicek (γ = 0) and CIR (γ = 1/2) models as special cases (and thus allows testing them as statistical hypotheses on the model parameters), as well as several other models, see Table  1 . Chan et al. estimated the parameters using the generalized method of moments. They found the parameter γ to be significantly different from the values indicated by Vasicek and CIR models, see Table 2 . A modification of the generalized method of moments (so called robust generalized method of moments), which is robust to a presence of outliers, was developed in [3] . Another contribution to this class of estimators is for example indirect robust estimation by [17] . Another popular method for parameter estimation are Nowman's Gaussian estimates [40] , based on approximating the likelihood function.
They were used in [21] for a wide range of interest rate markets. There are several other calibration methods for the short rate process, such as quasi maximum likelihood, maximum likelihood based on series expansion of likelihood function by Aït-Sahalia [2] , Bayesian methods such as Markov chain Monte Carlo and others.
A common feature of these approaches is taking a certain market rate as a proxy to the short rate and using the econometric techniques of time series analysis to estimate the parameters of the model. These parameters can be used afterwards to price the bonds and other derivatives. For example in [43] , the parameters of the CKLS process were first estimated using the Nowman's methodology and afterwards derivatives prices were computed by numerically solving the partial differential equation using the Box method. For more results of this kind see [41] , [42] .
An alternative would be using the derivatives prices to calibrate the parameters of the model. This, however, requires a quick computation of the prices, since they have to be computed many times with different parameters during the calibration procedure. Exact solution to the bond pricing equation available for Vasicek and CIR model made this possible in the case of these two models, cf. [49] , [50] . In general, when the exact solution is not available, approximate analytical solution provides a convenient alternative.
Other one-factor models
Modifying the constant volatility is not the only way for ensuring positivity of short rate. Another simple way is defining short rate as a positive function whose argument is a stochastic process. In particular, Black-Karasinski model [5] (also called exponential Vasicek because of its construction, cf. [8, Section 3.2.5]) defined the short rate as r = e x , where x follows an Ornstein-Uhlenbeck process
Note that in the case of Black-Karasinski model, the stochastic differential equation for the short rate r reads as
which means that the short rate does not have a linear drift, common to the previously considered models.
Another nonlinear-drift model has been suggested by Aït-Sahalia in [1] to produce very little mean reversion while the interest rates remain in the middle part of their domain, and strong nonlinear mean reversion at either end of the domain. This property is achieved by the stochastic differential equation 
Short rate as a sum of multiple factors
One of the consequences of using a one-factor short rate model is the bond price of the form P = P (τ, r). This means that the bond price with a given maturity is uniquely determined by the short rate level. Translating this into the language of term structures: the term structure is uniquely determined by its beginning (interest rate for infinitesimally small maturity, i.e., the short rate). While this might not be an unreasonable property of the interest rates in certain time periods, it clearly does not hold in others, as demonstrated in Figure 5 .
If we define the short rate as a function of more factors, i.e., r = r(x 1 , . . . , x n ), then the bond price has the form P = P (τ, x 1 , . . . , x n ). If the same short rate level can be achieved for several combinations of the factors x 1 , . . . , x n , these can produce different bond prices and, consequently, term structures -such as those seen in Figure 5 . Moreover, the factors determining the short rate may have a plausible interpretation on their own.
In [4] the authors propose the model for the short rate r to be
where µ is interpreted as the long-run average rate and x 1 , . . . , , x n represent the current effect of n streams of economic "news", among which they include rumors about central bank decisions, economic statistics, etc. The arrival of each of these news is modeled by the process
with negative constants ξ i and possibly correlated Wiener processes w i . Thus, the impact of any news dies away exponentially. If the market prices of risk are taken to be constant, it is possible to express the bond prices in a closed form.
A multi-factor version of a one-factor CIR model is formulated in [10] , where the short rate r is a sum of n components, i.e.,
with each x i following a Bessel square root process
assuming independent Wiener processes. Their independence and the choice of market prices of risk to be λ i √ r i again allows analytical expressions for the prices of bonds. In Figure 6 we show sample trajectories of a two-factor CIR model with parameters equal to κ 1 = 0.7298, θ 1 = 0.04013, σ 1 = 0.16885, κ 2 = 0.021185, θ 2 = 0.022543, σ 2 = 0.054415, which are taken from [10] . The equations (17)- (18) can be generalized to general CKLS processes (15) and correlated Wiener processes. However, with the exception of the special cases above, the closed form formulae for bond prices are not available and, therefore, their approximations are necessary.
Stochastic volatility multiple-factor interest rate models
Non-constant volatility is known especially from the market of stocks and the derived options. The most famous index measuring the volatility is arguably VIX, CBOE Volatility Index. It is a key measure of market expectations of near-term volatility conveyed by S&P 500 stock index option prices. Since its introduction in 1993, it has been considered by many to be a barometer of investor sentiment and market volatility 4 . We present its evolution in Figure 7 . Moreover, besides the volatility being non-constant and stochastic, there is an evidence that it evolves in a different time scale than the stock price, see a concise book [23] by Jean-Pierre Fouque, George Papanicolaou and K. Ronnie Sircar summarizing their work this area of using perturbation methods for the partial differential equation for the option prices in models incorporating this feature.
Approximately ten years later, in 2011, the same authors and in addition Knut Solna, published a new book [24] with a broader content, Multiscale Stochastic Volatility for Equity, Interest Rate, and Credit Derivatives, thus featuring the topic of interest rates already in the title. The randomness of volatility and interest in its measurement can be seen also from the fact, that CBOE has started to calculate also volatility indices related to interest rates market: CBOE/CBOT 10-year U.S. Treasury Note Volatility Index 5 and CBOE Interest Rate Swap Volatility Index 6 .
As an example, let us consider stochastic volatility Vasicek model, as given in [23] . It differs from the ordinary Vasicek model by its volatility. Instead of a constant, it is a nonnegative function f evaluated in the value of a stochastic process y, following an Ornstein-Uhlenbeck type:
where the correlation between the increments dw 1 and dw 2 is ρ ∈ (−1, 1). Empirical data suggest ρ > 0, see, e.g., [23, p. 177] .
Another example of a stochastic volatility short rate model has been proposed by Fong and Vasicek in [25] by the following system of stochastic differential equations:
where again the Wiener processes can be correlated and the correlation between the increments dw 1 and dw 2 is ρ ∈ (−1, 1). If the market prices of risk are given by 7 λ 1 √ y (market price of risk of short rate) and λ 2 √ y (market price of risk of volatility), then the partial differential equation for the bond price can be split into solving a system of three ordinary differential equation.
Convergence multiple-factor models modeling entry to a monetary union
The basic convergence model of interest rates is suggested by Corzo and Schwarz in [16] , where they model the interest rates before the formation of the European monetary union. Participating countries fixed their exchange rate to Euro in January 1999. With fixed exchange rate, the interest rates have to be the same across the countries. However, already before fixing the exchange rate, the convergence of the interest rates in participating countries was possible to be observed. This motivates the following model for the European short rate r e and the domestic short rate r d :
where the Wiener processes are, in general, correlated: cov(dw d , dw e ) = ρ dt. Note that the equation (20) is a Vasicek model for the European rate, while (19) models a reversion of the domestic rate to the European rate, with a possible minor divergence given by a. Figure 8 shows sample trajectories for the parameters c = 0.2087, d = 0.035, σ e = 0.016 for the European rate, a = 0.0938, b = 3.67, σ d = 0.032 for the domestic rate and the correlation ρ = 0.219, taken from [16] . Note that in the case of nonzero a, the instantaneous drift from (19) forces the domestic rate to revert not exactly to the European rate r e , but the value r e +a/b. For the given set of the parameters, the "divergence term" a/b equals to approximately 0.02, which can be observed in Figure 8 . However, with fixed exchange rate, economically plausible value of a is zero. Indeed, when the original model was estimated using the last 3.5 years before entering the European Monetary Union (EMU) in [16] , this coefficient turned to be highly insignificant. We also note that negative value of the parameter a would, interestingly, cause also mathematical problems in the generalizations of the model (related to the short rate evolution as well as the bond prices), see [34] .
In the market prices of risk are constant, there is an explicit solution for the domestic bond prices 8 of the form
In [16] authors claim that the same analysis can be done for the CIR-type convergence model; this has been studied by Lacko in [34] . If the correlation between dw d and dw e is zero, then the solution can be again written in the form (21) and the functions can be found numerically by solving a system of ordinary differential equations. In the general correlated case, the solution cannot be written in the separated form (21) . This is true also for another natural generalization, where the European rate is modeled by a CKLS-type process (15) and we allow a general form of volatility σ d r γ d also in the equation (19) describing the behavior of the domestic rate. An analytical approximation formula for bond prices the CKLS-type model is studied by Zíková and Stehlíková in [59] . 
Approximate analytical solutions in selected bond pricing problems
Let us consider an example of market interest rates and Euribor rates in particular. Panel banks provide daily quotes of the rate, rounded to two decimal places, that each panel bank believes one prime bank is quoting to another prime bank for interbank term deposits within the Euro zone. Then, after collecting the data from panel banks: The calculation agent shall, for each maturity, eliminate the highest and lowest 15% of all the quotes collected. The remaining rates will be averaged and rounded to three decimal places. These rates are quoted in percentage points. After dividing them by 100, we obtain them as decimal numbers which are used as the variable r in the models described in the previous chapter. It follows that the value, e.g., 0.123 percentage points from the market data is not an exact figure, but, in terms of decimal numbers, can represent anything from the interval [0.001225, 0.001235). On the other hand, any two numbers from this interval obtained from models would be in practice indistinguishable. Therefore, going above a certain precision in the computations does not bring any practical advantage when analyzing the market interest rates. In other words, two approximative results that coincide to certain decimal points are practically equally useful and therefore comparing their computational complexity is in place. Approximate analytical solutions, which we deal with, are very convenient in this regard.
Chan-Karolyi-Longstaff-Sanders model
In this section we consider the Chan-Karolyi-Longstaff-Sanders (CKLS hereafter) model in the risk neutral measure
where w is a Wiener process. Note that the linear drift is consistent with the physical measure formulation and choice of market price of risk in the original Vasicek model from [61] with γ = 0 and the Cox-Ingersoll-Ross (CIR hereafter) model proposed in [14] with γ = 1/2, see (10) and (14) . The price P (τ, r) of the discount bond, when the current level of the short rate is r and time remaining to maturity is τ , is then given by the solution to the partial differential equation
satisfying the initial condition P (0, r) = 1 for all r > 0, see, e.g., [32] , [8] . Recall that in the case of Vasicek and CIR models the explicit solutions to bond pricing partial differential equations are known.
Approximation formula due to Choi and Wirjanto
Consider the stochastic differential equation (22) in the risk neutral measure for the evolution of the short rate r and the corresponding partial differential equation (23) for the bond price P (τ, r). The main result of the paper [11] by Choi and Wirjanto is the following approximation P ap for the exact solution P ex : Theorem 2. [11, Theorem 2] The approximate analytical solution P ap is given by
where
and
The derivation of the formula (24) is based on calculating the price as an expected value in the risk neutral measure. The tree property of conditional expectation was used and the integral appearing in the exact price was approximated to obtain a closed form approximation. The reader is referred to [11] for more details of the derivation of (24) .
Authors furthermore showed that such an approximation coincides with the exact solution in the case of the Vasicek model [61] . Moreover, they compared the above approximation with the exact solution of the CIR model which is also known in a closed form. Graphical demonstration of relative mispricing, i.e., the relative error in the bond prices, has been also provided by the authors.
Asymptotic analysis of the Choi and Wirjanto approximation formula
As it can be seen in the numerical examples given in [11] , the error in bond prices is smaller in the case of τ small. Also, for τ = 0 the formula is exact. This suggests using τ as a small parameter in the asymptotic analysis.
Using the exact solution P ex CIR in the case of γ = 1/2 (i.e., the Cox-Ingersoll-Ross model), computing its expansion in τ around the point τ = 0 and comparing it with the expansion of the Choi and Wirjanto approximate formula P ap CIR with γ = 1/2 we obtain
as τ → 0 + . Considering logarithms of the bond prices enables us to estimate the relative error in the bond prices (the relative mispricing from the previous subsection) and the absolute error in the interest rates forming a term structure of interest rate. The result of expanding the approximate and exact solutions in the case of the CIR model motivates finding a similar estimate also in the case of a general CKLS model, i.e., for arbitrary γ. In the paper [54] we proved the following theorem: Theorem 3. [54, Theorem 3] Let P ap be the approximative solution given by (24) and P ex be the exact bond price given as a unique complete solution to (23) . Then
as τ → 0 + where
Moreover, the method of the proof enabled to propose an approximation formula of a higher accuracy, as stated in the following theorem.
Theorem 4.
where ln P ap is given by (24), c 5 (τ ) is given by (27) 
Then the difference between the higher order approximation ln P ap2 given by (28) and the exact solution ln P ex satisfies
In Table 3 we show L ∞ and L 2 − norms 9 with respect to r of the difference ln P ap − ln P ex and ln P ap2 − ln P ex where we considered r ∈ [0, 0.15]. We also compute the experimental order of convergence (EOC) in these norms. Recall that the experimental order of convergence gives an approximation of the exponent α of expected power law estimate for the error ln P ap (τ, .) − ln P ex (τ, .) = O(τ α ) as τ → 0 + . The EOC i is given by a ratio
, where
In Table 3 we show the L 2 − error of the difference between the original and improved approximations for larger values of τ . It turns out that the higher order approximation P ap2 gives about twice better approximation of bond prices in the long time horizon up to 10 years. 9 Lp and L∞ norms of a function f defined on a grid with step h are given by 
Approximation based on the Vasicek model
Our aim is to propose a formula which is as simple as possible, but still yields a good approximation to the exact bond prices. Using an approximation in calibration of the model requires many evaluations of its value for different sets of parameters, as well as times to maturity and the short rate levels. Therefore, its simple form can increase the efficiency of the calibration procedure. In particular, the approximation published by Stehlíková in [62] presented in this section leads to a one-dimensional optimization problem. Again, we consider the model (22) in the risk neutral measure for the evolution of the short rate r and the corresponding partial differential equation (23) for the bond price P (τ, r).
Recall that in the case of Vasicek model, i.e., for γ = 0, the solution P vas can be expressed in the closed form:
Now, let us consider a general model (22) and the approximation of the bond price obtained by substituting the instantaneous volatility σr γ for σ in the Vasicek price (30), i.e.,
Theorem 5. [62, Theorem 1] Let P ap be the approximate solution given by (31) and P ex be the exact bond price given as a solution to (23) . Then as τ → 0 + where
For the practical usage of the approximate formula, besides the order of accuracy also the absolute value of the error is significant.
Comparison of the approximation with the exact values in the case of CIR models and parameter values from [11] show (cf. [62] for the exact figures) that for shorter maturities the differences are less than the accuracy to which the market data are quoted. Euribor, for example, is quoted in percentage points rounded to three decimal places. Moreover, Figure 9 shows that even though the accuracy of this approximation is one order lower to that of the approximation from [11] , it gives numerically comparable results for the real set of parameters.
Let us consider the calibration of the one-factor model based on the comparison of theoretical and market interest rates, where the parameters are chosen to minimize the function
where r i (i = 1, . . . , n) is the short rate observed on the i-th day, τ j (j = 1, . . . , m) is the j-th maturity of the interest rates in the data set, R ij is the interest rate with maturity τ j observed on i-th day, R(τ, r) is the interest rate with maturity τ corresponding to the short rate r computed from the model with the given parameters and w ij are the weights. In [50] and [49] , this approach was used with w ij = τ 2 j (i.e., giving more weight to fitting longer maturities) to calibrate Vasicek and CIR models using the explicit solutions for interest rates. To achieve the global minimum of the objective function, the authors used evolution strategies.
If we attempted to use this method to estimate a model with different γ without analytical approximation, it would become computationally demanding, since each evaluation of the objective function would require numerical solutions of the PDE (23) . Note that the evaluation is needed for every member of the population in the evolution strategy (see [49] for details). Using an analytical approximation simplifies the computation of the objective function, but in general the dimension of the optimization problem is unchanged. We show that using the approximation proposed in this paper, we are able to reduce the calibration to a one-dimensional optimization problem which can be quickly solved using simple algorithms.
Hence we consider the criterion (32) with replacing R(τ, r) by its approximation R ap (τ, r) calculated from (31) . Note that the approximation formula ln P ap is a linear function of parameters α and σ 2 ; it can be written as
Hence taking the derivatives of (32) with respect to α and σ 2 and setting them equal to zero leads to a system of linear equations for these two parameters. It means that once we fix γ and treat β as parameter, we obtain the corresponding optimal values of α and σ 2 for each β. Substituting them into (32) then leads to a one-dimensional optimization problem. Doing this over a range of values of γ allows us to find the optimal parameter γ as well. We show the proposed idea on simulated data. Once again, we consider the CIR model with parameters from [11] and simulate the daily term structures -interest rates with maturities of 1, 2, 3, . . . , 12 months using the exact formula for CIR model -for a period of year. In the objective function (32) we use the weights w ij = τ 2 j as Table 4 . Estimation of the parameter γ using the approximate formula for interest rates. The data were simulated using the exact formula with the parameters α = 0.00315, β = −0.0555, σ = 0.0894, γ = 0.5. Maturities used were 1, 2, . . . , 12 months (above) and 1, 2, . . . , 5 years (below). Source: Stehlíková, [62] Table 4 , we show the estimated parameters and the optimal value of the objective function F .
General one-factor models: power series expansions
The approximations considered in the previous sections share a common feature: their order of accuracy can be expressed in the form
as τ → 0 + , where P is the exact bond price and P ap is the proposed approximation. The relation (33) asserts that the Taylor series of ln P ap and ln P coincide up to the certain order. In particular, in [54] it has been shown that for the formula for CKLS model from [11] the relation (33) holds with ω = 5 and an improvement leading to ω = 7 has been derived. In [62] a simple formula with ω = 4 has been proposed. Similar estimates hold in the case of multi-factor models. These results suggest that the Taylor expansion (either of the price itself and its logarithm) could be a good approximation too. Let us consider a general one-factor model with constant coefficients
Recall that the price of the bond P (τ, r) is a solution to the partial differential equation
for all r > 0, τ ∈ (0, T ) and the initial condition P (0, r) = 1 for all r > 0. Easy transformation of the PDE leads to the equation which is satisfied by the logarithm of the bond price, i.e., f (τ, r) = log P (τ, r):
for all r > 0, τ ∈ (0, T ) and the initial condition f (0, r) = 0 for all r > 0. Writing these functions in series expansions around τ = 0 in the form
enables us to compute the parameters c j or k j recursively in the closed form. A practical usage of this approach is determined by the speed of convergence of these series for reasonable values of τ and r. Then, we can approximate the bond prices and their logarithms by terminating the infinite sums (37) at a certain index J. We show the results from [60] . Firstly, the approximation is tested on CKLS model with the same parameters as in the previous chapter; the results suggest the possibility of practical usage of the proposed matter. As an another example, the Dothan model is considered. The Dothan model [20] assumes that the short rate in the risk neutral measure follows the stochastic differential equation
The zero-coupon bond in the Dothan model has an explicit solution, but it is computationally complicated (cf. [8] ). Therefore, we use the Dothan bond prices computed in [28] for which the error estimate is available. They are accurate to the given four decimal digits.
Setting µ(r) = µr and σ(r) = σr into the recursive formulae for coefficients results in the coefficients for the price and its logarithm. In the numerical experiments we use the values from [28] . The authors price zero coupon bonds which pays 100 USD at maturity T (hence its price is 100 times the value considered so far). Using their iterative algorithm, for τ = 1, 2, 3, 4, 5, 10 they obtain the accuracy to four decimal digits for all combinations of parameters and in several cases also for higher maturities. Selected values from [28] are used to test the approximation for a wider range of parameters and maturities, as shown in Table 5 .
The idea of the short time asymptotic expansion can be enhanced, by considering the so-called exponent expansion to derive a closed-form short-time approximation of the Arrow-Debrew prices, from which the prices of bonds or other [36] , was introduced to finance by Capriotti [9] . In [63] by Stehlíková and Capriotti, it was employed to compute the bond prices in the Black-Karasinski model. The exponent expansion is derived for the bond prices in short rate models with r = r(x), where the auxiliary process has the form
where µ(x) is a drift function. Note that the process has a constant volatility σ, but in the general case it is possible to map to this case a general state dependent volatility function by means of an integral transformation. Note that this transformation is used also by Aït-Sahalia in [2] in his approximation of transition densities. The bond prices are not computed directly; instead, so-called Arrow-Debreu prices are approximated by a closed form formula and the bond prices are obtained by a single numerical integration. The Arrow-Debreu prices ψ(x, T ; x 0 ) are for each x 0 given as solutions to the partial differential equation (see [52] )
with the initial condition ψ(x, 0; x 0 ) = δ(x − x 0 ). Looking for the solution in the 
and inserting it into (39) leads to a partial differential equation for W (x, t; x 0 ). Writing it in the form
allows a recursive computation of the functions W n (x; x 0 ) as solutions to first order linear ordinary differential equations. This form of expansion for the bond prices results in a more rapid convergence especially for longer maturities, compared with the simple Taylor expansion described previously, see Table 6 .
An important advantage that separates the exponential expansion is the possibility to systematically improve its accuracy over large time horizons by means of the convolution approach, cf. [63] for the algorithm. This allows to produce results accurate to more than 4 significant digits even for zero coupon bonds with maturities over 20 years. This is documented in Table 7 where the results are compared with Monte Carlo prices.
Fast time scale of volatility in stochastic volatility models
In the paper [57] by Stehlíková andŠevčovič, studied a generalized CIR model with a stochastic volatility. The instantaneous interest rate (short rate) r is modeled by the mean reverting process of the form (13) where the constant σ appearing in the volatility function σ √ r is replaced by a square root of a stochastic dispersion y, i.e.
The stochastic differential equation for the short rate is given by
with certain conditions given on the function α: [0, ∞) → R at zero and infinity, see [57, Assumption A] and a concrete example 10 in [57, Lemma 1] . The differentials of the Wiener processes dw y and dw r are assumed to be uncorrelated. The paper provides a tool for modeling the effects of rapidly oscillating stochastic volatility that can be observed in real markets, cf. [23] , [24] . If the length of the time scale for dispersion y is denoted by ε, the equation (43) for the variable y reads as follows:
In what follows we will assume that 0 < ε 1 is a small singular parameter. The density of the conditional distribution of the process is given by the solution to Fokker-Planck equation. The density g(y) of its stationary distribution, which is widely used in the computations from [57] , is then given by the normalized solution to the stationary Fokker-Planck equation, which reads as
for the process (44) . Notice that the limiting density function g is independent of the scaling parameter ε > 0. The market prices of risk functions are considered to be in the formλ 1 (t, r, y) = λ 1 √ r √ y,λ 2 (t, r, y) = λ 2 √ y, where λ 1 , λ 2 ∈ R are constants (note that this is a generalization of the original one-factor CIR model which assumes the market price of risk to be proportional to the square root of the short rate r). Then, we rewrite the partial differential equation for the bond price P in the operator form:
10 The concrete example of a function α considered in the paper models a volatility clustering phenomenon where the dispersion can be observed in the vicinity of two local maxima of the density distribution. In particular, it uses a stochastic differential equation that leads to the limiting density of the volatility to be equal to a convex combination of two gamma densities, which has been proposed in [55] . However, the results are derived for a general process (43) , using the limiting distribution and its statistical moments.
where the linear differential operators L 0 , L 1 , L 2 are defined as follows:
Next we expand the solution P ε into Taylor power series:
with the terminal conditions P 0 (T, r, y) = 1, P j (T, r, y) = 0 for j ≥ 1 at expiry t = T . The main result of this paper is the examination the singular limiting behavior of a solution P ε as ε → 0 + . More precisely, it determines the first three terms P 0 , P 1 , P 2 of the asymptotic expansion (47) . The main tool in the derivation is averaging with respect to the limiting distribution, whose density g is given by (45) , and is denoted by brackets · in the following. In particular, the following two propositions are essential: Firstly, a function ψ, for which L 0 ψ is bounded, satisfies L 0 ψ = 0 (see [57, Lemma 3] ). Secondly, [57, Lemma 4] gives an expression for ψ y and L 1 ψ , where ψ is a solution of L 0 ψ = F with the right-hand side being a given function satisfying F = 0.
The solution P ε = P ε (t, r, y) of the bond pricing equation (46) can be approximated, for small values of the singular parameter 0 < ε 1, by
and the main result of the paper lies in the derivation of the functions P 0 , P 1 , P 2 . Note that the first two terms P 0 , P 1 are independent of the y-variable representing unobserved stochastic volatility. The first term P 0 is a solution to the averaged equation L 2 P 0 = 0, which is the partial differential equation for the bond price in one-factor CIR model with parameters set to the averaged values (with respect to the limiting distribution) from the model studied here. It has a form
where the functions A 0 and B are given by a system of ordinary differential equations which can be solved in a closed form. Neither the second term P 1 depends on the instantaneous level of the process y. The equation for the P 1 reads as
where the function B comes from (48) and the function f is obtained from the model parameters and the solution (48) in a closed form. The solution has the form P 1 (t, r) = (A 10 (t)+A 11 (t)r)e −B(t)r with the function B being the same as in (48) and the functions A 10 , A 11 satisfying a system of linear ordinary differential equation.
The next term in the expansion, P 2 , non-trivially depends on the y-variable. It is decomposed into its expected value and zero-mean fluctuations as
where P 2 = 0. The functionP 2 can be computed by integration, using the results obtained so far. The functionP 2 satisfies the equation
where the functions a, b, c are given, and therefore has the formP 2 (t, r) = (A 20 (t) + A 21 (t)r + A 22 (t)r 2 )e −B(t)r where the function B is the same as in (48) and the functions A 20 , A 21 , A 22 are solutions to a linear system of ODEs. More detailed computations can be found in [57] .
Recall the Fong-Vasicek model with stochastic volatility in which the short rate is given by the following pair of stochastic differential equation
For a suitable choices of market prices of risk, computation of the bond prices can be reduced into solving ordinary differential equations. This computational simplicity makes it a suitable choice for assessing the quality of the approximation of the kind described above. Introducing fast time scale of volatility, the equation (49) becomes (cf. equation (44))
However, when estimating parameters using the real data, from the parameters of (50) we are able to obtain only θ 2 ,κ 2 =
. Hence, we are not able to reconstruct three parameters κ 2 , v, ε from two valuesκ 2 ,ṽ.
Therefore, in the master thesis by Selečéniová [47] , supervised by Stehlíková, another approach was used, following the parameterization used by Danilov and Mandal in [18] and [19] . Strong mean-reversion in the process for volatility can be characterized by a large value of κ y . Hence we can define ε = 1/κ y and expect it to be small enough to be used as a perturbation parameter. In [47] , the derivation similar to that above has been made to compute the first two terms of the bond price expansion, leading to the approximation of the bond price of order zero
and of order one P ε (t, r, y) ≈ P 0 (t, r) + √ εP 1 (t, r). Then, the resulting interest rates were compared with exact values. In Table 8 we present sample results. Let us remark that even though the zero-order approximation of the bond price equals to the bond price from one-factor model with averaged coefficients, this is not the averaged bond price P (t, r, y) . There is even a stronger result: The averaged bond price P (t, r, y) , although it is a function of t and r, does not equal to the bond price in any one-factor model, as it has been shown in [56] which is also reprinted at the end of this thesis.
Convergence multiple-factor models
The idea of approximating the bond prices in a model with general volatility by substituting the instantaneous volatility into a simple model of Vasicek type (i.e., with constant volatility) has been successfully applied also in multi-factor models:
Convergence models form a special class of two-factor models. A convergence model is used to model the entry of observed country into the monetary union (EMU). It describes the behavior of two short-term interest rates, the domestic one and the instantaneous short rate for EMU countries. European short rate is modeled using a one-factor model. It is assumed to have an influence on the evolution of the domestic short rate and hence it enters the SDE for its evolution. This kind of model was proposed for the first time in [16] . The model is based on Vasicek model, the volatilities of the short rates are constant. Analogical model of CoxIngersoll-Ross type, where the volatilities are proportional to the square root of the short rate, was considered in [34] and [35] . In the following sections we describe these two models and show how they price the bonds. Then we present a generalization with nonlinear volatility, which is analogous to the volatility in one-factor CKLS model.
Let us consider a model defined by the following system of SDEs:
where ρ ∈ (−1, 1) is the correlation between the increments of Wiener processes W 1 and W 2 , i.e. Cov(dW 1 , dW 2 ) = ρ dt. Process x is a random process, which is connected with instantaneous rate. It can be a long-term interest rate, a shortterm interest rate in another country, etc. Relations between real and risk-neutral parameters are analogous as in the one-factor case:
where λ r , λ x are market prices of risk of the short rate and the factor x respectively. If the short rate satisfies SDE (51) in the real measure and market prices of risk are λ r (r, x, t), λ x (r, x, t), then the bond price P satisfies the following PDE (assuming that the factor x is positive):
for r, x > 0, t ∈ (0, T ) and the terminal condition P (r, x, T ) = 1 for r, x > 0. The PDE is derived using Itô lemma and construction of risk-less portfolio, see, e.g. [32] , [8] .
Convergence model of the CKLS type
The paper [59] is focused a convergence model of the CKLS type. Recall that the exact bond prices are known in the case of Vasicek-type model and their computation can be simplified to numerical solution of ordinary differential equations in the case of CIR-type model with uncorrelated increments of the two Wiener processes. In [59] , the general CKLS model with uncorrelated Wiener processes (the effect of correlation can be seen only in higher order terms, when taking τ as a small parameter, numerical results presented in the paper show that the difference often occurs on decimal places which are not observable taking the precision of market quotes into account) is considered. Approximation formula from [62] described in the previous section is used to compute European bond prices and in an analogous way, an approximation for domestic bond prices is proposed. It is tested numerically for CIR-type model and a general order of accuracy is derived. Then, a calibration procedure is suggested, tested on simulated data and applied to read data. The simple form of the approximation again allows relatively simple calibration procedure.
A three-factor convergence model
A one-factor model is not always sufficient to model the European short rate in convergence model (as suggested by calibration results in [59] ), which affects also the appropriateness of the convergence model for the domestic currency. In paper [58] by Stehlíková and Zíková, a three factor convergence model is suggested and provides first steps in the analysis of approximation formulae for domestic bond prices. The European short rate is modeled as a sum of two CKLS-type factor, as described in the previous point, and the domestic rate follows a process reverting to the European rate. The fit of the convergence model from [59] suggests looking for a more suitable approximation of the short rate. The paper [26] by Halgašová, Stehlíková and Zíková studies an estimation the short rate together with parameters of the model in Vasicek model. It is based on noting that for Vasicek model, the objective function (32) for the calibration is quadratic not only in parameters α and σ 2 , but also in values of the short rates r 1 , . . . , r n . Figure 10 shows a comparison of the estimated short rate from Euribor term structures with a market overnight rate. The choice of the time frame for the calibration was motivated by a possible use as an input for a convergence model: Slovakia adopted the Euro currency in 2009 and Estonia in 2011.
Using the approximation of the bond prices in the CKLS model, this algorithm can be modified for estimating the short rate also in the CKLS model. This has been done in the master thesis [39] by Mosný, supervised by Stehlíková. In the case of a general CKLS model, the objective function is not quadratic, but it is proposed to make a substitution y i = σ 2 r 2γ i in the objective function, which results in the new objective function which we minimize with respect to α, β, σ 2 (model parameters), r 1 , . . . , r n (short rates), y 1 , . . . , y n (auxiliary variables treated as independent in the first step). In this way, for each β a quadratic optimization problem is solved. For each β, there is therefore the optimal value ofF which is then used to find the optimal value of β. Note that the variables r i and y i are not independent, the ratio y i /r 2γ i is equal to σ 2 . By treating them as independent variables, y i can be seen as approximations of σ 2 r 2γ i when using real data. Hence the ratios y i /r 2γ i should provide a good approximation to σ 2 . It is estimated as a median of these ratios.
Convergence model of Vasicek type
The first convergence model was proposed in the paper [16] by Corzo and Schwartz in the real probability measure:
where Cov(dW 1 , dW 2 ) = ρdt. They considered constant market prices of risk, i. e. λ d (r d , r e , τ ) = λ d and λ e (r d , r e , τ ) = λ e . Hence for the European interest rate we have one-factor Vasicek model and we can easily price European bonds. Coefficient b > 0 expresses the power of attracting the domestic short rate to the European one with the possibility of deviation determined by the coefficient a. Rewriting the model into risk-neutral measure we obtain:
where Cov[dW d , dW e ] = ρdt. We consider a more general model in risk-neutral measure, in which the risk-neutral drift of the domestic short rate is given by a general linear function of variables r d , r e and the risk-neutral drift of the European short rate is a general linear function of r e . It means that the evolution of the domestic and the European short rates is given by:
where Cov[dW d , dW e ] = ρdt. Note that the system (54) corresponds to the system (53) with
of a bond with time to maturity τ = T − t then satisfies the PDE:
for r d , r e > 0, τ ∈ (0, T ) and the initial condition P (r d , r e , 0) = 1 for r d , r e > 0. Its solution can be found in the same way as in the original paper [16] . Assuming the solution in the form
and setting it into the equation (56) we obtain the system of ordinary differential equations (ODEs):
with initial conditions A(0) = D(0) = U (0) = 0. The solution of this system is given by:
Note that the function A(τ ) can be easily written in the closed form without an integral. We leave it in this form for the sake of brevity. Furthermore, we consider only the case when a 2 = b 2 . If a 2 = b 2 , then U (τ ) has another form, but it is a very special case and we will not consider it further.
Convergence model of CIR type
Firstly we formulate the convergence model of CIR type (i.e. the volatilities are proportional to the square root of the short rates) in the real measure.
where Cov[dW d , dW e ] = ρdt. If we assume the market prices of risk equal to λ e √ r e , λ d √ r d we obtain risk neutral processes of the form:
In what follows we consider this general risk-neutral formulation (61) .
The European short rate is described by one-factor CIR model, so we are able to price European bonds using an explicit formula. Price of domestic bond P (r d , r e , τ ) with maturity τ satisfies the PDE
for r d , r e > 0, τ ∈ (0, T ) with the initial condition P (r d , r e , 0) = 1 for r d , r e > 0. It was shown in [34] (in a slightly different parametrization of the model) that solution in the form (57) exists only when ρ = 0. In this case we obtain system of ODEsḊ
with initial conditions A(0) = D(0) = U (0) = 0, which can be solved numerically.
Convergence model of CKLS type
We consider a model in which risk-neutral drift of the European short rate r e is a linear function of r e , risk-neutral drift of the domestic short rate r d is a linear function of r d and r e and volatilities take the form σ e r γe e and σ d r
are given constants and ρ ∈ (−1, 1) is a constant correlation between the increments of Wiener processes dW d a dW e . We will refer to this model as two-factor convergence model of Chan-Karolyi-Longstaff-Sanders (CKLS) type. The domestic bond price P (r d , r e , τ ) with the maturity τ satisfies PDE:
for r d , r e > 0, τ ∈ (0, T ), with initial condition P (r d , r e , 0) = 1 for r d , r e > 0. Unlike for Vasicek and uncorrelated CIR model, in this case it is not possible to find solution in the separable form (57) . For this reason, we are looking for an approximative solution.
Approximation of the domestic bond price solution
The bond prices in the CKLS type convergence model are not known in a closed form. This is already the case for the European bonds, i.e. one-factor CKLS model. We use the approximation from [62] . In this approximation we consider one-factor Vasicek model with the same risk-neutral drift and we set current volatility σr γ instead of constant volatility into the closed form formula for the bond prices. We obtain ln P ap e (τ, r) =
We use this approach to propose an approximation for the domestic bond prices. 
In the CIR convergence model the domestic bond price P CIR,ρ=0 has a separable form (57) and functions A, D, U are characterized by a system of ODEs (63) . This enables us to compute Taylor expansion of its logarithm around τ = 0. We can compare it with the expansion of proposed approximation ln P CIR,ρ=0,ap (computed either using its closed form expression (67) or the system of ODEs (59) for Vasicek convergence model). More detailed computation can be found in [64] . In this way we obtain the accuracy of the approximation for the CIR model with zero correlation: Table 9 . Exact and approximative domestic yield for 1st (left) observed day, r d = 1.7%, re = 1%
and for 252nd (right) observed day, r d = 1.75%, re = 1.06%.
domestic and European short rates using Euler-Maruyama discretization. In Table  9 we compare the exact interest rate and the approximative interest rate given by (67). We observe very small differences. Note that the Euribor market data are quoted with the accuracy 10 −3 . Choosing other days, with other combination of r d , r e , leads to very similar results. The difference between exact and approximative interest rate remains nearly the same.
Finally, we present a detailed derivation of the order of accuracy of the proposed approximation in the general case. We use analogous method as in [62] and [54] for one-factor models and in [34] to study the influence of correlation ρ on bond prices in the convergence CIR model.
Let f ex = ln P ex be the logarithm of the exact price P ex of the domestic bond in two factor convergence model of CKLS type. It satisfies the PDE (65). Let f ap = ln P ap be the logarithm of the approximative price P ap for the domestic bond price given by (67). By setting f ap to the left-hand side of (65) we obtain non-zero righthand side, which we denote as h(r d , r e , τ ). We expand it into Taylor expansion and obtain that
for τ → 0 + , where We define function g(τ, r d , r e ) := f ap − f ex = ln P ap − ln P ex as a difference between logarithm of the approximation and the exact price. Using the PDEs satisfied by f ex and f ap we obtain the following PDE for the function g: Suppose that g(r d , r e , τ ) = ∞ k=ω c k (r d , r e )τ k . For τ = 0 is both the exact and approximative bond price equal to one, so f ex (r d , r e , 0) = f ap (r d , r e , 0) = 0. It means that ω > 0 and on the left hand side of the equation (70) the term with the lowest order is c ω ωτ ω−1 . Now we investigate the order of the right hand side of the equation.
We know that f ex (r d , r e , 0) = 0. It means that f ex = O(τ ) and also partial derivation We also estimate the terms on the right hand side in the equation (70) Since h(r d , r e , τ ) = O(τ 3 ), the right hand side of the equation (70) is O(τ 3 ) and the coefficient at τ 3 is the coefficient of the function h(r d , r e , τ ) at τ 3 , i.e. k 3 (r d , r e ). It means that ω = 4 and comparing the coefficients at τ 3 on the left and right-hand side of (70) we obtain −4c 4 (r d , r e ) = k 3 (r d , r e ), i.e. c 4 (r d , r e ) = − 1 4 k 3 (r d , r e ). Hence we have proved the following theorem.
Theorem 6. Let P ex (r d , r e , τ ) be the price of the domestic bond in two-factor CKLS convergence model, i.e. satisfying equation (65) and let P ap be the approximative solution defined by (67). Then Note that if we substitute γ d = 1 2 and ρ = 0 into Theorem 6, we obtain the formula (68) for CIR model derived earlier in (68).
In some cases it is possible to improve an approximation by calculating more terms in Taylor expansion of the function g = ln P ap − ln P ex . It is so also in this case. Using that f ap − f ex = O(τ 4 ), we are able to improve estimates (71) and (73) and to deduce that also the coefficient at τ 4 on the right hand side of equation (70) comes only from the function h. Hence it is equal to k 4 (r d , r e ), which is given by (70). Comparing coefficients at τ 4 on the left and right hand side of (70) we obtain: = k 4 , which enables us to express c 5 using already known quantities. Let us define an approximation ln P ap2 by:
ln P ap2 (r d , r e , τ ) = ln P ap − c 4 (r d , r e )τ 4 − c 5 (r d , r e )τ 5 .
Then ln P ap2 − ln P ex = O(τ 6 ) and therefore the new approximation ln P ap2 is of the order O(τ 6 ).
Financial interpretation of the short rate factors and their evolution
In the PhD thesis byŠesták [48] , supervised byŠevčovič, the approximation formula from [27] is used to estimate the model for European countries. The rate for each country is decomposed into a risk-free rate (common to all the countries) and a credit spread (specific for each country). The formula from [27] is used to price Figure 11 . Estimating the risk-free rate and credit spread in the European countries. In the figure below, the values for Greece are shown in the right axis, for the other countries in the left axis. Source:Šesták, [48] .
bonds in this setting. The author suggests a calibration procedure which is computationally demanding since it involves a large data set -yields of all countries considered simultaneously (it is not possible to split this for each country, since the risk-free rate, which is one of the outputs, is shared by all the countries). Hence a simple approximate formula for the bond prices is crucial for a successful estimation. Figure 11 shows results of the estimation from [48] . Note how the very different evolution of the credit spread for Greece starts from a certain time, compared to the values obtained for the other counties.
Conclusions
In this survey we presented an overview of short rate models and presented some of the approaches to compute approximations of bond prices where the exact solutions are not available.
Firstly, we considered one-factor models. The simple models of Vasicek and Cox-Ingersoll-Ross admit closed form bond prices and therefore can serve as either basis for construction of analytical approximations or as testing cases for assessing numerical accuracy of different approximation formulae. Using partial differential approach to bond pricing enables us to derive their order of accuracy for small times remaining to maturity.
In the second part we dealt with multi-factor models the process for the short rate written as a sum of two factors, second factor being the stochastic volatility or the European interest rate when modeling rates in a country before adoption of the Euro currency. In case of convergence model we provided also an example of a three-factor model, in which the European rate is modeled by a two-factor model. We studied similar analytic approximations for convergence models as in the case of one-factors models. Here we provided also a proof of accuracy of the proposed approximation; similar reasoning was applied also in the analyses of other models, where we only stated the results. Moreover, we studied the asymptotics of a fast time scale of volatility in stochastic volatility models.
